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Fig. 3 Tangential stress comparison.
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Equation (7) yields, after two integrations
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where Ci and C2 are integration constants.
The tangential stress and the radial displacement are then

found from the expressions
Se = XP + (d/dp) [p(<rr - /J0)], (9a)

U = p(Se - verSr)p0/Ee (9b)

Numerical Example
Consider a circular disc subjected to a pressure p0 at its in-

ner radius a, which drops linearly to zero at the outer radius, 6.
Let L = b and a = a/b, and assume X = pi = 1. The pres-
sure is then given by

P = (1 - p)/(l - a) (10)

Inserting Eq. (10) into Eqs. (8-9b) yields for the radial and
tangential stresses and the radial deformation :
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+ (lla)

1*,) p/[(72 - 4)(1 - a)] +

T^i/P1'7 - Tft/P1"" (lib)
U = {(72 - ^V/[(72 - 4)(1 - a)] +

(7 - "s-OCjpT - (7 + ver)C2p-^}pa/Ee, (lie)

provided 7^2 . If the disk is assumed to be traction free at
its inner and outer radius, Ci and C^ will yield
d = -(2 + OOT+2 - 1)/[(T2 - 4)(1 - a)(a^ - 1)]

(12a)
C2 = (2 + ver^tf** - «2T)/[(7 - 4)(1 - a) (a2* - 1)]

(12b)

The tangential stresses are plotted for the case 72 = 16 and
VQr — 1.8 in Fig. 2 vs p, for various values of a. Those values
of 72 and VQT are typical for a PYROCERAM glass ceramic
matrix structure. When the disk is subjected to an internal
pressure p0 only, the tangential stresses are

Se = 7ai+^(l/pi+-v + l/pi-y)/(l - a*?)' (13)

In Fig. 3, the ratio Se/Se is plotted vs p, for various values of
a. It is seen that Se varies considerably from Se except in the
neighborhood of a = 1. In the latter case Se and SB may be
approximated by:

Se - a)]; 5* = a(l - a)~^ (14)

These expressions are obtained from equilibrium considera-
tions of the disk element in Fig. 1 when dr is replaced by 6 — a
and for r, the average radius (b + a)/2 is used.
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Heat Transfer in Separated
Laminar Hypersonic Flow
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Nomenclature
= constant pressure specific heat (assumed constant)
= reattachment zone length
= local freest ream Mach number
= summing index
= recovery factor (Pr1/2 for laminar flow)
= V&L/VC
= UeW/Vg

Denison and Baum6 parameter
surface distance from leading stagnation point of body

to leading edge of cavity
local Stanton number, q/[pcvcp(Td — Tw)]
Stanton number at y = L
freestream laminar adiabatic wall temperature
local freestream temperature
cavity wall temperature
local freestream velocity
local velocity outside boundary layer on cavity wall
ratio of specific heats (cp/cv)
density in cavity
kinematic viscosity in cavity
local freestream kinematic viscosity

THE flow of a fluid over and within a cavity formed in a
surface has been the subject of much research. 1~9 From

these studies it is clear that the floor of the cavity will, in
general, experience a lower convective heat flux than would a
smooth surface exposed to the same external flow conditions.
Hunt and Howell,1 pursuing means for the thermal protection
of hypersonic vehicles, found that adding an open honeycomb
structure to a surface significantly decreased the temperature
of that surface in hypersonic flow—provided the cell geometry
was such that the cell depth was more than twice the cell
width. Because most of the previously reported data were
obtained for shallow (width greater than depth) cavities,
Wieting2 measured the heat flux distribution in single deep
cavities and found good agreement between his data and
Burggraf s3 theory. There remained a need, however, for a
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Ue ,Me ,T ( Table 1 Constants in Eqs. (2) and (6)
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Fig. 1 Flow model.

study that would focus on the reattachment wall and show
the influence of the cavity geometry and the oncoming
boundary-layer characteristics on the heat-transfer rate in
that area. A study by Nestler4 provided the stimulus for the
approach taken in this paper.

The model chosen is shown in Fig. 1 and is similar to that
used by Chung and Viegas5 who neglected the oncoming
boundary layer. Although their analysis is for incompressible
flow, Burggraf3 points out that the assumption may be valid
because of the low velocities and high temperatures in a
cavity exposed to hypersonic flow. The resulting expression
for the velocity down the reattachment wall is

7T = 1 - 0.189 exp -5.3| -
Ud

10.6
w = l 9.87n2 + 28.1

The effect of the finite upstream boundary layer is in its in-
fluence on the dividing streamline velocity Ud. In this paper,
Ud was obtained from the analysis by Denison and Baum6

who took into account the oncoming boundary layer. A
similar analysis that could be used is that by Charwat and
Der.7

The reattachment wall is thus reduced to the familiar case
of heat transfer to a flat plate exposed to an incompressible
fluid having a varying freestream velocity. One technique
for handling such a flow (Smith and Spalding10 and summa-
rized by Kays11) treats the local flow as an equivalent wedge
flow. The resulting expression for the local Stanton number
is

where Ci, C2, and C3 depend upon the Prandtl number as
shown in Table 1. Since v/Ud is a function of y/L, the right
side of Eq. (2) involves only y/L and the Prandtl number.
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In calculating the fluid properties in the cavity it is assumed
that the cavity pressure is essentially the same as the local
freestream pressure, and the average cavity temperature Tc =
Q.5(Td + Tw) is also used. The dividing streamline tem-
perature Td is found using Crocco's relationship modified for
Prandtl numbers different from unity12

Td = Tw + (Ud/Ue)(Taw - Tw) - (3)

The reattachment zone length L is obtained by correcting
the incompressible value Li defined by5

Li = ll.Sw/Rel 1/2 (4)

where w is the width of the cavity. The correction, suggested
by Nestler,4 is obtained from an examination of Chapman's8

study

+ [(7 - l)/2pfe
2 [0.447/5.22 + 4.L =

(5)
For values of y > L, Eq. (2) can be simplified as in this

region v = Ud. Under these conditions Eq. (2) becomes

where

Ci/(y/L -

A = 1 - (Ci*/StL
2ReL)

(6)

and is a function of the Prandtl number Pr as shown in Table
1.

Results

A comparison between Eq. (2) for Pr = 0.8 and Wieting's2

data is shown in Fig. 2. The data are for cavities of various
width-to-depth ratios, unit freestream Reynolds numbers
between 1.4 X 106/ft and 2.3 X 106/ft (4.6 X 106/rn and
7.6 X 106/m), nominal freestream Mach numbers of 7, and
Prandtl number of 0.75. Also shown is Eq. (6) for Pr = 0.8.

Equation (6) can be solved for the local heat-transfer rate
Q.

q = - Tw) (7)

where

= (v/Ud)pcCPpc
l'2[C1/(y/L -

Fig. 2 Heat transfer on the reattachment wall.

For specified fluid properties and y/L location, ^ is fixed
and the influence of the cavity depth d, the cavity width w,
and the oncoming boundary-layer thickness 5, can be deter-
mined from Eq. (7).

The cavity depth d theoretically has no effect on the heat-
ing rate to the downstream wall. As the cavity depth is in-
creased, however, the floor is subjected to lower convective
heat loads. If the cavity depth is too shallow, the flow com-
ing off the downstream wall may cause locally high-heating
rates on the floor, caused by the stagnation-like conditions
formed. This effect was observed by Hahn9 in experiments
involving shallow cavities.

The cavity width w influences Ud (and thus, Td) and L.
For small cavities exposed to thick boundary layers (S* <
0.01), Ud is proportional to w113 (and thus, Td — Tw is ap-
proximately proportional to w11*) and L is proportional to
w112. The net result is that the heat-transfer rate for a given
y/L is proportional to w11*. Since w also affects ^ (through
L) the net result is that increases in w result in increases in
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the heat-transfer rate. The effect becomes less noticeable,
however, as y increases.

The oncoming boundary-layer thickness d is expressed in-
directly by $* and its main effect is found in its influence on
the dividing streamline velocity Ud. For the case of con-
stant external flow conditions, S* is proportional to w/Sb.
Also under these conditions 6 is proportional to $&1/2. Thus,
S* is proportional to 5~2 and (if S* < 0.01) Ud and Td - Tw
are both proportional to 5~2/3. The net result is that the
local heat-transfer rate is proportional to 5~4/3. That is,
increases in the oncoming boundary-layer thickness will de-
crease the convective heat-transfer rate within the cavity.
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Transient Nonlinear Deflections of a
Cantilever Beam of Uniformly Varying

Length by Numerical Methods

ARMAND L. DILPARE*
Lundy Electronics & Systems, Inc., Glen Head, N.Y.

Introduction

THE exoatomospheric deployment of a long slender radio
antenna from an accelerating space vehicle may be

dynamically idealized as a cantilever beam of uniformly
varying length in a constant gravity field (Fig. 1). The
dynamics problem consists in determining, at any instant of
time, the relative position and velocity vectors of every point
along the beam, i.e., the instantaneous deflection and ve-
locity distribution curves. Qualitatively, if the beam is

Fig. 1 Antenna deployment geometry.

fairly stiff, and deployment is slow, then the transient de-
flection curve will be close to the static deflection curve
associated with the unsupported length at that instant.
Conversely, if the beam is very flexible and/or deployment
is rapid, the deflection of the free end will approach the ^gt2

value.
A numerical method of solution is applied to this problem

because deflections and slopes are expected to be large, well
into the nonlinear region; and the antenna is nonuniform
with a discontinuous distribution of mass and stiffness.
The continuous beam structure is replaced with an equivalent
lumped-parameter system of elastically coupled rigid bars.1"4

The accuracy of the approximation improves with an in-
creasing number of bars in the equivalent system. For the
present, an equivalent system of six bars has been selected
as a compromise between accuracy and computational time.

Equations of Motion for Equivalent System

As shown in Fig. 2, Ri, R2, . . . , R& are the lengths of the
beam segments selected so that each segment has uniform
properties, i.e., up to five discontinuities may be accommo-
dated. Each segment is replaced with an elastic hinge at
its center connecting rigid bars leading to the adjoining seg-
ments. The hinge spring constants (Kj) correspond to the
rotational deflection of an individual segment under uniform
bending moment, i.e.,

The rigid bars (/Si, &,

and the corresponding masses

nij = J(mass of R3 + mass of RJ-I); j > 2

The equations of motion are obtained from Lagrange's equa-
tions for the six degree-of-freedom system where 63- =
inclination of thejfch bar with the coordinate axes (Fig. 2).

The system of equations may be written as

Ai& = Bi] i,j =[1,2, . . . 6

where the AH coefficients and Bi terms are functions of 6n,

., $6) have lengths calculated

Si = ^Rl
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